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Complex networks

Complex networks are large graphs with
a highly non-trivial structure.

• telecommunication networks
• social networks

Nonetheless, many real-world complex
networks often exhibit some universal
properties.

Scale-free / power-law : proportion of
nodes v with Dv > k is proportional to
k−γ for some γ > 1.

Introduces inhomogeneity via Hubs.

Internet 2010,

γ = 1.1 (Krioukov et al. 2012)

(http://www.opte.org/the-internet/)

Mathematicians with Erdős number ≤ 2,

γ = 1.4
(Barabási et al. 2002)

(http://www.math.ucsd.edu/~fan/graphs/gallery/
colla.jpg)
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Scale-free random graph model

To capture this behaviour in a random graph, one requires the
degree of a typical vertex to have a power law.

For D the degree of a uniformly chosen vertex, there exists γ > 1 with

P{D > k} ∼ k−γ as k → ∞.

Not satisfied by the Erdős-Rényi or random geometric graphs.

Possible to construct scale-free random graphs in a similar way as
the Erdős-Rényi or random geometric graphs.
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Erdős-Rényi graph
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• Nodes [n] := {1, . . . ,n}.

• Connect i, j ∈ [n], i ̸= j, by an edge with probability p ∈ (0, 1)
independently, here we take p = 2/n.

• D d
= Deg(1) d

= Binomial(n− 1, 2/n) d−→ Poisson(2), as n → ∞.

Associate i.i.d. weights having power law to each vertex. Moderates
attractivity of vertices.
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Norros-Reittu model ’06
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• Nodes [n] := {1, . . . ,n}

weighted with i.i.d. copies of W with
P(W > u) ∼ u−β , u > 0, with β > 0.

• Connect i, j ∈ [n] with Poisson(WiWj/
∑n

k=1Wk) many edges
independently.

• D d
= Deg(1) d

= Poisson(W1)
d
= Poisson(W).

What about large degrees in NR model?
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A general model - assumptions

Let (Gn)n∈N be a sequence of random graphs with

• vertex set Vn at most countably infinite (possibly random) in
some space S,

• with i.i.d. weights (Wx)x∈Vn having a power law with exponent
β > 0 : their distribution Fβ satisfies

1− Fβ(u) ∼ u−β , u > 0.

Denote the degree sequence by (Dn,x)x∈Vn .

(A1) Typical Degree and Weight: For each n ∈ N, there exists (Dn,W)

with W ∼ Fβ such that for any A ⊆ N0 × [0,∞) and B ⊆ S with
E|Vn ∩ B| < ∞,

E
∑

x∈Vn∩B
1{(Dn,x,Wx) ∈ A} = E|Vn ∩ B|P {(Dn,W) ∈ A} .

5



A general model - assumptions

Let (Gn)n∈N be a sequence of random graphs with

• vertex set Vn at most countably infinite (possibly random) in
some space S,

• with i.i.d. weights (Wx)x∈Vn having a power law with exponent
β > 0 : their distribution Fβ satisfies

1− Fβ(u) ∼ u−β , u > 0.

Denote the degree sequence by (Dn,x)x∈Vn .

(A1) Typical Degree and Weight: For each n ∈ N, there exists (Dn,W)

with W ∼ Fβ such that for any A ⊆ N0 × [0,∞) and B ⊆ S with
E|Vn ∩ B| < ∞,

E
∑

x∈Vn∩B
1{(Dn,x,Wx) ∈ A} = E|Vn ∩ B|P {(Dn,W) ∈ A} .

5



A general model - assumptions

Let (Gn)n∈N be a sequence of random graphs with

• vertex set Vn at most countably infinite (possibly random) in
some space S,

• with i.i.d. weights (Wx)x∈Vn having a power law with exponent
β > 0 : their distribution Fβ satisfies

1− Fβ(u) ∼ u−β , u > 0.

Denote the degree sequence by (Dn,x)x∈Vn .

(A1) Typical Degree and Weight: For each n ∈ N, there exists (Dn,W)

with W ∼ Fβ such that for any A ⊆ N0 × [0,∞) and B ⊆ S with
E|Vn ∩ B| < ∞,

E
∑

x∈Vn∩B
1{(Dn,x,Wx) ∈ A} = E|Vn ∩ B|P {(Dn,W) ∈ A} .

5



A general model - assumptions

Let (Gn)n∈N be a sequence of random graphs with

• vertex set Vn at most countably infinite (possibly random) in
some space S,

• with i.i.d. weights (Wx)x∈Vn having a power law with exponent
β > 0 : their distribution Fβ satisfies

1− Fβ(u) ∼ u−β , u > 0.

Denote the degree sequence by (Dn,x)x∈Vn .

(A1) Typical Degree and Weight: For each n ∈ N, there exists (Dn,W)

with W ∼ Fβ such that for any A ⊆ N0 × [0,∞) and B ⊆ S with
E|Vn ∩ B| < ∞,

E
∑

x∈Vn∩B
1{(Dn,x,Wx) ∈ A} = E|Vn ∩ B|P {(Dn,W) ∈ A} .

5



Assumptions continued...

Let EW denote conditional expectation given W.

We further assume that (Dn,W) satisfy

(A2) There exist ξ,p, C and ϱ ∈ (0, 1] such that or all n ∈ N,

|EWDn − ξWp| ≤ Cmax
{
1,Wp(1−ϱ)

}
P-a.s.

(A3) For each m ∈ N, there exist non-negative constants am and Cm
depending only on m such that

EW|Dn − EWDn|m ≤ amW
mp
2 + Cm P-a.s.

for all n ∈ N.
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Power-law degree distribution

Our assumptions are natural, and are satisfied not only by the
Norros-Reittu model (’06), but also by

• Scale-free continuum percolation model on Rd (Deprez and
Wüthrich ’18),

• Scale-free percolation on Zd (Deijfen, van der Hofstad and
Hooghiemstra ’13),

• Ultra-small scale-free geometric networks on Zd (Yukich ’06),
• Chung-Lu model (’02).

Power-law degree (Bhattacharjee, Schulte ’22)
Assume (A1)–(A3). Then for each n ∈ N the typical degree
distribution follows a power-law with exponent γ = β/p, i.e.,

P {Dn > t} ∼ t−γ , for t > 0.
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Main results: Poisson process limit for large degrees

Let (Sn)n∈N be subsets of S such that E|∆n| ≈ n with ∆n := Vn ∩ Sn.

Let νγ denote the measure on (0,∞] given by

νγ((a,b]) = a−γ − b−γ , 0 < a < b ≤ ∞.

Define the quantile function q for Wp as

q(t) = inf {x ≥ 0 : P {Wp ≤ x} ≥ 1− 1/t} , t ≥ 1.

Poisson convergence of large degrees (Bhattacharjee, Schulte ’22)
Let ηγ be a Poisson process with intensity measure νγ . Then under
(A1)–(A3),

•
{

Dn,x
ξq(n) , x ∈ ∆n

}
∩ (0,∞)

d−→ ηγ , as n → ∞.

• ξ−1q(n)−1 maxx∈∆n Dn,x
d−→ Frechet(γ), as n → ∞.
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Main results: Estimating the exponent in the power-law

For i.i.d. random variables having power law, the inverse of the
exponent is estimated by the so-called Hill estimator.

Let D(1)(n) ≥ D(2)(n) ≥ . . . be the order statistics of (Dn,x)x∈∆n .

Define the Hill estimator based on k ∈ N upper order statistics as

Hk,n =
1
k

k∑
i=1

log
D(i)(n)
D(k+1)(n)

.

Consistency of the Hill estimator (Bhattacharjee, Schulte ’22)
Assume (A1)–(A3) and let (kn)n∈N be an intermediate sequence
(kn < n and kn/n → 0). Then

Hkn,n
P−→ 1

γ
as n → ∞.

For preferential attachment model: Resnick and Wang ’19.
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Main idea

To prove the Poisson process convergence, we compare the point
processes

Dn :=

{
Dn,x
ξq(n) : x ∈ ∆n

}
and En :=

{
Wp

x
q(n) : x ∈ ∆n

}

and use that En consists of i.i.d. points, and hence has a Poisson
process limit.

In particular, we prove that, for any k ∈ N,

lim
n→∞

P {node with k-th largest weight has k-th largest degree} = 1.
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Thank you!
Reference: Bhattacharjee, C. & Schulte, M. (2022) Large degrees in scale-free

inhomogeneous random graphs. Ann. Appl. Probab. 32, 696–720.
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