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Motivation - Stabilization



Minimal directed spanning tree (MDST)

Figure 1: A random MDST in [0, 1]2.
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MDST

Let X = [0, 1]d, d ≥ 2 and Ps be a homogeneous Poisson process on
X with intensity s ≥ 1.

For x, y ∈ Rd, write x ≻ y if xi ≥ yi for all 1 ≤ i ≤ d.

Let G be the collection of trees on {0} ∪ Ps rooted at {0} such that
every edge {x, y} satisfies x ≻ y (or y ≻ x).

A minimal directed spanning tree (MDST) on {0} ∪ Ps is the unique
element in G that minimizes the total edge length.

First considered in Bhatt and Roy (2004) to model transmission or
drainage networks, Applications in analysis of linear programming,
maxima finding algorithms ...

3



MDST

Let X = [0, 1]d, d ≥ 2 and Ps be a homogeneous Poisson process on
X with intensity s ≥ 1.

For x, y ∈ Rd, write x ≻ y if xi ≥ yi for all 1 ≤ i ≤ d.

Let G be the collection of trees on {0} ∪ Ps rooted at {0} such that
every edge {x, y} satisfies x ≻ y (or y ≻ x).

A minimal directed spanning tree (MDST) on {0} ∪ Ps is the unique
element in G that minimizes the total edge length.

First considered in Bhatt and Roy (2004) to model transmission or
drainage networks, Applications in analysis of linear programming,
maxima finding algorithms ...

3



MDST

Let X = [0, 1]d, d ≥ 2 and Ps be a homogeneous Poisson process on
X with intensity s ≥ 1.

For x, y ∈ Rd, write x ≻ y if xi ≥ yi for all 1 ≤ i ≤ d.

Let G be the collection of trees on {0} ∪ Ps rooted at {0} such that
every edge {x, y} satisfies x ≻ y (or y ≻ x).

A minimal directed spanning tree (MDST) on {0} ∪ Ps is the unique
element in G that minimizes the total edge length.

First considered in Bhatt and Roy (2004) to model transmission or
drainage networks, Applications in analysis of linear programming,
maxima finding algorithms ...

3



MDST

Let X = [0, 1]d, d ≥ 2 and Ps be a homogeneous Poisson process on
X with intensity s ≥ 1.

For x, y ∈ Rd, write x ≻ y if xi ≥ yi for all 1 ≤ i ≤ d.

Let G be the collection of trees on {0} ∪ Ps rooted at {0} such that
every edge {x, y} satisfies x ≻ y (or y ≻ x).

A minimal directed spanning tree (MDST) on {0} ∪ Ps is the unique
element in G that minimizes the total edge length.

First considered in Bhatt and Roy (2004) to model transmission or
drainage networks, Applications in analysis of linear programming,
maxima finding algorithms ...

3



MDST

Let X = [0, 1]d, d ≥ 2 and Ps be a homogeneous Poisson process on
X with intensity s ≥ 1.

For x, y ∈ Rd, write x ≻ y if xi ≥ yi for all 1 ≤ i ≤ d.

Let G be the collection of trees on {0} ∪ Ps rooted at {0} such that
every edge {x, y} satisfies x ≻ y (or y ≻ x).

A minimal directed spanning tree (MDST) on {0} ∪ Ps is the unique
element in G that minimizes the total edge length.

First considered in Bhatt and Roy (2004) to model transmission or
drainage networks, Applications in analysis of linear programming,
maxima finding algorithms ...

3



MDST

Figure 2: A random MDST in [0, 1]2.
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MDST

Figure 2: A random MDST in [0, 1]2.

Statistics of interest:

• # Minimal points (points x ∈ Ps with no y ∈ Ps such that x ≻ y),
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MDST

Figure 2: A random MDST in [0, 1]2.

Statistics of interest:

• # Minimal points (points x ∈ Ps with no y ∈ Ps such that x ≻ y),
• total α-powered length of rooted edges,
• total α-powered edge length etc.
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Classical Stabilization

Let (X,F) be a Borel space and Q be a σ-finite measure on (X,F).

For Ps a Poisson process with intensity sQ, let

Hs = Hs(Ps) :=
∑
x∈Ps

ξs(x,Ps), s ≥ 1.

The score function ξs(x,Ps) represents the local contributions of
each point x ∈ Ps.

Stabilization radius: Usually assumed that ξs(x,Ps) depends on Ps

only through the set of points within some small (random) distance
ρs(x,Ps) to x.

Almost independent sum; one anticipates Gaussian fluctuations of
Hs.
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Examples

On [0, 1]d, let Hs = # minimal points in Ps.

Hs =
∑
x∈Ps

ξs(x,Ps) =
∑
x∈Ps

1(x is minimal in Ps).

For total α-powered length of rooted edges,

ξs(x,Ps) = ∥x∥α1(x is minimal in Ps).

These are completely determined by [0, x] := {y ∈ [0, 1]d : x ≻ y}.

As other examples, one can consider # isolated vertices or total
edge length in a random geometric graph on Ps with cutoff radius
ρ > 0, and many more ...
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Distances

The Wasserstein distance between real-valued X and Y is given by

dW(X, Y) := inf E|X− Y|,

where the infimum is taken over all couplings of X and Y.

The Kolmogorov distance is defined as

dK(X, Y) := sup
t∈R

|P{X ≤ t} − P{Y ≤ t}|.

Goal: For each s, provide bounds on

dW
(
Hs − EHs√

VarHs
,N

)
and dK

(
Hs − EHs√

VarHs
,N

)
.

7



Existing results: CLT

Lachièze-Rey, Schulte and Yukich (2019) proved a such a general
bound on dK and dW

when

1. Exponential stabilization: ρs has exponentially decaying tail
(prohibiting long-range interactions),

2. (4+ p)-th moment: ∥ξs(x,Ps)∥4+p ≤ C < ∞ for some p ∈ (0, 1],

3. Q is sufficiently regular, in particular, diffuse.

Works for # min. points only for a particular type of domain X.
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Application to minimal points

Recall, x ∈ X ⊆ Rd is minimal if there is no y ∈ Ps such that x ≻ y.

Let Hs = #min. points in the Poisson process Ps on some domain
X ⊆ Rd. One can take

Hs =
∑
x∈Ps

ξs(x,PS) =
∑
x∈Ps

1(x is minimal).

Lachièze-Rey, Schulte and Yukich (2019) proved presumably optimal
rates of the order s− 1

2+
1
2d for Hs when

X = {x ∈ (−∞, 0]d : F(x) ≤ 1},

for some F ≥ 0 with F(0) < 1 and which is strictly decreasing
coordinatewise, with sufficient smoothness.

This doesn’t apply to [0, 1]d.
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Difficulty with Balls

F ↘ and F(0) < 1
{x : F(x) ≤ 1}

Figure 3: Minimal points with strictly decreasing boundary function vs on
[0, 1]2.
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An extension to general
stabilization regions



Assumptions - general regions

Recall, (X,F) is Borel and Ps be a Poisson process with intensity sQ
where Q is σ-finite. Let N be the family of σ-finite counting measures
µ on X.

Assume

(A1) Stabilization region: For all s ≥ 1, there exists a set-valued map
Rs : X× N → F such that for x ∈ µ,

ξs
(
x, µ

)
= ξs

(
x, µ ∩ Rs(x, µ)

)
;

+ some natural conditions on ξs and Rs + measurability.
Let rs : X× X → [0,∞] be a non-zero function such that

P{y ∈ Rs(x,Ps + δx)} ≤ e−rs(x,y), x, y ∈ X.

(A2) There exists p ∈ (0, 1] such that, for µ ∈ N with µ(X) ≤ 7,∥∥∥ξs(x,Ps + δx + µ
)∥∥∥

4+p
≤ Ms,p(x), s ≥ 1, x ∈ X,
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Main result

General Bound (B. and Molchanov, 2022)
Assume that (ξs)s≥1 satisfy conditions (A1), (A2) and let
Hs =

∑
x∈Ps

ξs(x,Ps). Then, writing Qf :=
∫
f(x)Q(dx),

dW
(
Hs − EHs√

VarHs
,N

)
≤ C

[√sQf2β
VarHs

+
sQ((κs + gs)2βGs)

(VarHs)3/2

]
;

and a similar bound holds for the Kolmogorov distance.

Here

κs(x) = P {ξs(x,Ps + δx) ̸= 0} and gs(y) = s
∫
X
e−ζrs(x,y) Q(dx)

and C, β, ζ are explicit constants depending on p. The functions fβ
and Gs are essentially integrals involving

P{y ∈ Rs(x,Ps + δx)} and P
{
{y1, y2} ⊆ Rs

(
x,Ps + δx

)}
.
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Applications



# Minimal points

Recall, Ps is a Poisson process in [0, 1]d with intensity s and

# min. points =
∑
x∈Ps

ξs(x,Ps) =
∑
x∈Ps

1(x is minimal in Ps).

For µ ∈ N and x ∈ µ, we let

Rs(x, µ) :=
{
[0, x] if x is minimal,
∅ otherwise.

Notice,

κs(x) = P {ξs(x,Ps + δx) ̸= 0} = e−sVol[0,x];

P{y ∈ Rs(x,Ps + δx)} = 1x≻ye−sVol[0,x] = e−rs(x,y);

P {{y1, y2} ⊆ Rs(x,Ps + δx)} = 1x≻y1∨y2e−sVol[0,x].

Bai, Devroye, Hwang and Tsai (2005):

Var(# min. points) ∼ logd−1 s, s ≥ 1.
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Bound for # Minimal points

CLT for # minimal points (B. and Molchanov, 2022)
Let d ≥ 2 and Fs be the number of minimal points in an MDST on
{0} ∪ Ps. Then for s ≥ 1,

max

{
dW

(
Fs − EFs√
Var Fs

,N
)
,dK

(
Fs − EFs√
Var Fs

,N
)}

≤ C
log

d−1
2 s

.

For d ≥ 2, using different methods, Bai, Devroye, Hwang and Tsai
(2005) proved CLT with a suboptimal rate (log s)− d−1

2 (log log s)2d in the
Wasserstein distance.

Our bound improves on this rate and provides presumably optimal
rates of convergence.
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2 (log log s)2d in the
Wasserstein distance.

Our bound improves on this rate and provides presumably optimal
rates of convergence.
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Total length of rooted edges

For d ≥ 2, let

L α =
∑
x∈Ps

∥x∥α1(x is minimal), α > 0.

CLT for total length of rooted edges (B., 2022)
For d ≥ 3 and α > 0, VarL α ∼ logd−2 s. Moreover, for s ≥ 1,

max

{
dW

(
L α − EL α

√
VarL α

,N
)
,dK

(
L α − EL α

√
VarL α

,N
)}

≤ C
log

d−2
2 s

.

Bai, Lee and Penrose (2006) proved CLT with the rate
(log s)− d−2

4 (log log s) d+1
2 in the Kolmogorov for d ≥ 3 and α = 1.

We Improve this rate for α = 1, while for α ̸= 1, the result is
completely new. Rates are presumably optimal.
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Digression: the case for d = 2

In two dimensions, Penrose and Wade (2004) showed that L α

converges to the so-called Dickman distribution with parameter 2/α.

In this case, we prove the following rate of convergence:

(B. and Schulte, 2022+)

d1,1(L
2,D1) ≤

C
s , s ≥ 1.

Here, d1,1(X, Y) is the so-called Wasserstein-2 distance, which is
slightly weaker than dW.
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Classical Johnson-Mehl tessellations

First appeared in Kolmogorov (1937) in the 2-D setting to model
crystal growth. Used to analyse problems from phase transition
kinetics to ecological systems and DNA replication.

Seeds appear according to a Poisson process in space-time
Rd × [0,∞) and begin forming a cell by growing radially in all
directions at speed v > 0.

A new seed that arrives inside an existing cell is discarded. Seeds
that get a chance to grow are called exposed.

Seeds grow only through vacant space; they stop when they run into
each other. Generalisation of Voronoi tessellations.
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Classical Johnson-Mehl tessellations

Figure 4: Part of a Johnson-Mehl tessellation, the dots are projections of
exposed seeds onto R2 (taken from Bollobás and Riordan (2007))

18



A generalised model

Each seed is independently assigned a random speed distributed
according to a probability ν on [0,∞).

Seeds x = (x, tx, vx) ∈ X = Rd × [0,∞)× [0,∞) are distributed as
Poisson process η on X with intensity Leb⊗ θ⊗ ν , with θ locally finite.

Functional of interest:

F(η) =
∑
x∈η

h1(x)h2(tx)1
{
(x, tx) is exposed

}
,

where h1 : Rd → [0,∞) and h2 : R+ → [0,∞) are measurable weights.

Example: for W ⊂ Rd, taking h1 = 1W and h2(t) = 1(t ≤ a) gives
# exposed seeds born in W before time a.
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# exposed seeds

Assume ν have finite 6d-th moment. Let Wn ⊆ Rd with Leb(Wn) → ∞.

CLT (B., Molchanov and Turin, 2022)
Let Fn = # exposed seeds in Wn born before time a ∈ (0,∞] and θ

be Lebesgue. Then Var(Fn) ∼ Leb(Wn) and

max

{
dW

(
Fn − EFn√
Var Fn

,N
)
,dK

(
Fn − EFn√
Var Fn

,N
)}

≤ C
(

Leb(Wn)
)−1/2

.

We improve the previously known bounds by Chiu and Quine (1997) -
in the case of fixed speed - by removing a logarithmic factor, and
provide presumably optimal rates.

Previous results needed restrictions on the shape of the domains
Wn, we get rid of such assumptions.
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# exposed seeds

First time the model with random speeds is considered in the
literature.

The stabilization region is unbounded when the ν has unbounded
support. Classical approach with balls doesn’t work.

We provide result for general weights, that can be specialised to
provide CLT for a variety of related statistics.
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Brief overview of the proof of general bound

Tools: Stein’s method for normal approximation and second order
Poincaré inequality.

We use the second order Poincaré inequality (bounds on dW and dK)
provided in Last, Peccati and Schulte (2016).

For x1, x2 ∈ X, let

Dy1Hs(µ) = Hs(µ+ δy1)− Hs(µ), and D2
y1,y2Hs(µ) = Dy2(Dy1Hs(µ))

denote the add-one cost and the iterated add-one cost operators.

Need to estimate P(Dy1Hs(Ps) ̸= 0) and P(D2
y1,y2Hs(Ps) ̸= 0).

Can be bounded by P(y1 ∈ Rs(x,Ps + δx)) and
P({y1, y2} ⊆ Rs(x,Ps + δx)). This and second order Poincaré
inequality proves the bound.
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Remarks

For total α-powered edge length in MDST in 2-D, Penrose and Wade
(2006) showed a Gaussian limit only when α ∈ (0, 1). It should be
possible to use our methods to provide rates of convergence in this
regime.

The introduction of general stabilization region is not only natural
but also necessary as shown in different examples.

A new avenue to study models with long-range interactions using
stabilization.
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Thank you!
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Appendix

These in turn necessitates estimating P(Dy1ξs(x,Ps + δx) ̸= 0) and
P(D2

y1,y2ξs(x,Ps + δx) ̸= 0).

Our Stabilization regions satisfy

P(Dy1ξs(x,Ps + δx) ̸= 0) ≤ P(y1 ∈ Rs(x,Ps + δx));

P(D2
y1,y2ξs(x,Ps + δx) ̸= 0) ≤ P({y1, y2} ⊆ Rs(x,Ps + δx)).

Combining this with the second order Poincaré inequality gives the
result.
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