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The Dickman Function

Smooth Numbers (Dickman 1930)

For n € N, let £, be uniform on [n] := {1, ..., n} having the prime factorisation
&n=pi1(&n) - - - .- Pr(&n) With p1(§n) > ... > pr(&n)- Then for any a > 0,

lim B(pr(&n) < /%) = p(a)

The Dickman function p : [0,00) — [0, c0) solves the delay differential equation
xp'(x) + p(x —1) =0, x€(1,00),

with the initial condition p(x) = 1 for all x € [0, 1].
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> The function e~ p defines a density on [0, o). The associated distribution is called
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> Fori.id. Uy, Uz, ... ~ |0, 1], the random variable
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Generalized Dickman Distributions
> More generally, for 6 > 0 and i.i.d. Uy, U, ... ~ UJ0, 1], the distribution of
Dy = U + U’ + U U U+
is called the generalized Dickman distribution with mean 6.

> A random variable X on [0, o) is distributed as D; if and only if
XL U+ x),

where U ~ U[0, 1] is independent of X.

> Often appear as limits of weighted random sums; applications in number theory,
random graphs and so on.
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Random Sums

> (Records) Let o be a random permutation of [n]. The distribution of the sums of
positions of records is described by >"}_, kBx, where By ~ Bernoulli(1/k) are
independent. As n — oo,

1 n
- S kB % D. (Arratia et al. ’00)

> (Smooth Numbers) Let p1 < p» < --- be an enumeration of primes. Define
Q,:={NeN:forpprime, p| N = p < pp}.
Let M, = [, pkk be a random variable on Q, with P(M, = N) o ;. Then

log M,

log p = Iogp Z log pr Xk %D asn— oo (Pinsky ’19)
n n



Rates of Convergence

For non-negative random variables X, Y, define
Kolmogorov distance: dx(X, Y) = supyq [P(X < t) = P(Y < 1)
Smooth distance: di (X, Y) = supp, yeiip(1) [EA(X) — Eh(Y))|

Theorem (Bhattacharjee/Goldstein '19)
Let Bx ~ Ber(;) be independent and W, := 1 "¢ | kB. Then,

3
di,1(Wp, D) < TS



Rates of Convergence

For non-negative random variables X, Y, define
Kolmogorov distance: dx(X, Y) = supyq [P(X < t) = P(Y < 1)
Smooth distance: di (X, Y) = supp, yeiip(1) [EA(X) — Eh(Y))|

Theorem (Bhattacharjee/Schulte '25)
Fix6 >0, 8 € R. Let W, .= %ZZ:/kBk forn> 1> 6 — 3, where By ~ Ber(%) are
independent. Then

C(1+ 18] 10g(n/1))

dx(W,, Dy) < e
K( n 9)— CIQ

nf’
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For non-negative random variables X, Y, define
Kolmogorov distance: dx(X, Y) = supyq [P(X < t) = P(Y < 1)
Smooth distance: di (X, Y) = supp, yeiip(1) [EA(X) — Eh(Y))|

Theorem (Bhattacharjee/Schulte '25)
Fix6 >0, 8 € R. Let W, .= %ZZ:/kBk forn> 1> 6 — 3, where By ~ Ber(%) are
independent. Then

C(1+ 18] 10g(n/1))

dx(W,, Dy) < e
K( n 9)— CIQ

nf’

, 0>1,
6 € (0,1).

Motivation: Can we obtain similar bounds on dk for more general weighted sums?
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A general framework

Consider the randomly weighted sum S, = 2221 WhkXk, neN.

(A1) Ordered Weights: Let W = (W) k) nen ke[n D€ @n array of ordered non-negative
random variables
0:=Wpo < Why1 < < Wppi= Wrgqg)x7

with E[W{2] < oc.

(A2) Conditionally Independent Counts: Given W, the sequence (Xk)ken consists of
conditionally independent random variables taking values in Np.

> We do not assume independence among the weights W = (W), x); can be highly
dependent (e.g., order statistics).

> Xx may depend on W. We only require (Xk)«en to be conditionally independent.



Main Abstract Bound

Theorem (Bhattacharjee '26+)
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Main Abstract Bound

Theorem (Bhattacharjee '26+)

Let S, = 2221 Wi « Xk satisfy the ordering and conditional independence assumptions.
Then, there exist Cy, C> € (0, o) depending only on 6 such that

Cy E[en(W)], ifo>1,
dk (S, Dp) <
Co (E[en(W)] + E[en(W)]?), if 6 € (0,1).

> Here ¢,(W) is the aggregate error term quantifying certain discretization errors and
conditional Poisson approximation of the counts (explicit bounds on the next slide).

> Building upon the Stein’s method framework of Bhattacharjee/Schulte '25, this
significantly generalizes their results by incorporating random weights and
dependence.
8



Anatomy of the Error Term

Cy Efen(W)], itg>1,

dk(Sn, Ds) <
{02 (E[en(W)] + E[en(W)]?), if6 € (0,1).
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Cy Efen(W)], itg>1,

dk(Sn, Ds) <
{02 (E[en(W)] + E[en(W)]?), if6 € (0,1).

k
2
en(W) i= max(Woy — Wakt) + 5 m,?x‘ " (ELX; | W] Wayj — 0(Way — W,,J_1))‘
=

Maximum step size - ~— —
Maximum cumulative deviation

Z E[Xk | W] Wh k dTv(Xk,Xk +1|W)
9
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Anatomy of the Error Term

Ci E[en(W)], ifo>1,
dk(Sn, Ds) <
Cz (E[en(W)] +E[(W)]?), if0 € (0,1).
k
en(W) = max(Wy — Wok 1) max’z E[X; | W] W, — 0(W, — WnH))’
j=1

Maximum step size
Maximum cumulative deviation

ZE[XK‘W]WndeV(Xk7Xk+1|W) |Wn) |
NG X0 (W) | W) —_
Boundary

Poisson approximation of Xj |W discrepancy

Here X denotes the size-biased version of Xi|W, and x,

mln(
support.
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Dickman Limit in Harmonic Measures: Divisor Function

Let p1 < po < --- be an enumeration of primes and

Q,:={NeN:forpprime, p| N = p < pn}.

The Generalized Divisor Function:
For 6 > 0, the generalized divisor function 7: N — R is the multiplicative arithmetic
function defined on prime powers by

ae) = (107 1) D OHED e,

> Combinatorial meaning: When 6 = k € N, 74(N) exactly counts the number of ways N
can be expressed as an ordered product of k integers.

> Standard harmonic case: For § = 1, the function collapses to 71(N) = 1.
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Generalized Harmonic Measure: We endow 2, with a the probability measure

79(N)
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Harmonic Measures: Dickman Limit
Generalized Harmonic Measure: We endow 2, with a the probability measure

To(N)

Ba({N}) o 2.

N € Q.

Theorem (Bhattacharjee '26+)
Let M,, ~ IP,. For any 6 > 0, there exists constants 0 < C < C’ < oo such that

C log M, c’
— = < —— Dy | < —F——.
(log nymin{1.0 = ak ( log o’ 9) = (log m)min{1.6}

> The same optimal bound holds if we restrict P, to the square-free space
(non-quantitative result for 8 = 1 in Cellarosi/Sinai ’13)

Q= {NeN:forpprime, p| N = p < p,and p®{ N}.
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Network Routing (Dependent Increments)

Consider a data receiver at the origin with n — 1 transmitters deployed uniformly at
random along [0, 1].

> Locations (Weights): Transmitter locations are order statistics of uniforms. By Rényi’s
representation, we set W, s == % ZL Y; where Y; Exp(1), Sy =31, V.

> Traffic (Counts) and Total Cost: Greedy routing assigns the heaviest traffic to the
closest nodes. The k-th closest node generates Xx ~ Poi(6/k) data packets. Total
transmission cost is exactly S, = Y Wi x Xk.

Theorem (Bhattacharjee '26+)
Assume that (Y;);cy are independent and non-negative with E[Y;] = 1 and
max;en Var(Y;) < oco. Then
1 min{1,0}
dk(Sn, Dg) < C () )

Jn



Geometric Sums on CUE Spectra: The Weights
CUE Eigenphases and Mutual Repulsion:

The eigenphases 0 < 01 < --- < 0, < 27 of an n x n Circular Unitary Ensemble (CUE)
matrix form a Determinantal Point Process (DPP). Their joint density is proportional to

H |ei9j _ eiok ‘2.
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Geometric Sums on CUE Spectra: The Weights

CUE Eigenphases and Mutual Repulsion:

The eigenphases 0 < 01 < --- < 0, < 27 of an n x n Circular Unitary Ensemble (CUE)
matrix form a Determinantal Point Process (DPP). Their joint density is proportional to

H |ei9j _ eiek ‘2.
1<j<k<n
Ordered Weights and Rigidity:

Rotating the spectrum by a uniform eigenvalue to set the “ground state” at angle 0, we
define the weights via the remaining ordered eigenphases 0 < ¢1 < -+ - < pp_1 < 2
Sx
2r’
By rotation invariance and repulsion, the gaps exhibit rigidity: 3 C € (0, oo) such that

k [
W — H <cEl
n n

Wn7k = kE[n—1].

E [ max
ke[n—1]



Geometric Sums on CUE Spectra: Dickman Limit

Conditionally Independent Counts:

Conditionally on the weights W), x := 3—7’;, k € [n — 1], we define the sequence

(Xk)ke[n—1) as independent Geometric random variables with mean

0
ank'

)

E[Xk | W] =




Geometric Sums on CUE Spectra: Dickman Limit

Conditionally Independent Counts:

Conditionally on the weights W), x := ‘g—fr, k € [n — 1], we define the sequence
(Xk)ke[n—1) as independent Geometric random variables with mean

0
E[Xx | W] = .
X | W] =
Theorem (Bhattacharjee '26+)
For S, = Z;] Wi« Xk, there exist constants K, K> € (0, co) depending only on 6 such

that for n > 2,

min{1,0} | min{1,0}
Ki (l) < dk(Sn, Dp) < Kz <olg7n> :
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For 6 > 0, a non-negative random variable W ~ Dy if and only if
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Idea of the Proof I: Stein Equation
Proposition (Goldstein *17)
For 6 > 0, a non-negative random variable W ~ Dy if and only if

E %f’(W)—f(W+1)+f(W) —0

for all Lipschitz functions f : [0, 00) — R.

For # > 0 and a > 0, we consider the Stein equation

SPO )~ fx+ 1) =1(x < a) ~1(Dy < @), x € [0,00).

For a solution f; and an independent U ~ Uniform({0, 1]),

P(S,<a|W)-P(Dy<a)=E %f;(s,,) —(Sp+ U) | w].
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Using conditional size-biasing, we have

n
E[Safy(Sn) | W] = S E(Xe | W)E [Wn,kf;(sg") + W kX))
k=1

W]
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k=1

n
Max. deviation term
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k=1
W]

(n)
M . t H t Wmax
ax sep@sme erm OE [/ f;(Sn n f) i
0




Idea of the Proof Il: The Size-Biasing and Coupling
Using conditional size-biasing, we have

n
E[Safy(Sn) | W] = S E(Xe | W)E [Wn,kf;(sg") + W kX))
k=1

W
total variation term n
~ > E(Xk | W)Wak E [12(Sn + Wak) | W]
k=1

n
Max. deviation term
~ Ze(wn,k — Whk—1)E [f5(Sn+ Whk) | W]

k=1
Max. step size term W,Sﬂ,)x
R HIE[/ f1(Sp+ t)dt w]
0

Boundary discr. term

N OR[f.(Sy + U) | W].




Idea of the Proof Ill: The Stein Solution

> (Bhattacharjee/Schulte '25) Let § > 0. For a > 0, there exists a solution f, to the Stein
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Idea of the Proof Ill: The Stein Solution

> (Bhattacharjee/Schulte '25) Let § > 0. For a > 0, there exists a solution f, to the Stein
equation, such that a.e.,

fa=(91+uy) — (g +u),
where
© 0= gi(x) < go(x) = §1(x < &) + {1 (x > a),
« 0<u;,u_ < 6% and
* 01,02, Uy, u_ are all non-increasing.
> This yields

IP(Sp < a| W) —P(Dy < a)| < ep(W)E [92 +(S) | w].



Idea of the Proof IV: Excluding Small a

> (Bhattacharjee/Schulte '25) For 6 > 0, ag > 0 and a random variable W > 0,

dK(W, Dg) < sup ’P(W < a) — P(Dg < a)\ + Rg(ao)ao
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with Ry(s) = s?~" for § € (0,1) and Ry(s) = Ky € (0, 00) for 6 > 1.



Idea of the Proof IV: Excluding Small a

> (Bhattacharjee/Schulte '25) For 6 > 0, ag > 0 and a random variable W > 0,

dK(W, Dg) < sup ’P(W < a) — P(D@ < a)\ + Rg(ao)ao

a>ag
with Ry(s) = s?~" for § € (0,1) and Ry(s) = Ky € (0, 00) for 6 > 1.
> Pick ag ~ ¢,(W). For a > ap, we use

IP(S, < a| W) — P(Dy < a)| < en(W)E [92 +2(S) | w].

This yields a bound on dx (S, Dy | W). Taking a unconditional expectation yields the
result.
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