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Voronoi — Laguerre Tessellation
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Paraboloid growth process in a Voronoi tessellation
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Laguerre Tessellations

> Let 1) be a Poisson point process in space-time X := R? x E, E C R, with intensity
measure Q = A ® F, where )\ is the Lebesgue measure and F is a locally finite Borel
measure.
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Laguerre Tessellations

> Let 1) be a Poisson point process in space-time X := R? x E, E C R, with intensity
measure Q = A ® F, where )\ is the Lebesgue measure and F is a locally finite Borel
measure.

> The Laguerre tessellation is the collection £(n) = {C ((v, h),n) : (v, h) € n}, where
we define the cell associated to a nucleus x = (v, h) € n as

C((v,h),n):={weR: [w—v|P+h<|w—V|2+H Y, H)en}
> [f all h = 0, then specializes to classical Voronoi tessellation.

> Unlike Voronoi, it is not necessary that a cell is non-empty, or that it contains its
nucleus.



Crystal Growth

Each seed in 7 after being activated, starts forming a crystal/cell by growing isotropically
with the same decaying speed 1/+/t after time t > 0 of being active. A point w € R is
included in the cell of (v, h) € n if its crystal reaches w first.
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Crystal Growth

Each seed in 7 after being activated, starts forming a crystal/cell by growing isotropically
with the same decaying speed 1/+/t after time t > 0 of being active. A point w € R is
included in the cell of (v, h) € n if its crystal reaches w first.

Applications in cell biology, fluid mechanics, and materials science, to name a few.
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> Given a Voronoi tessellation V4 and an ¢-dimensional affine subspace L, C RY, define
the sectional Poisson-Voronoi tessellation as

VdﬁL[::{Cﬂf:CEVd}.
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Motivation - Sectional Voronoi Tessellation

> Given a Voronoi tessellation V4 and an ¢-dimensional affine subspace L, C RY, define
the sectional Poisson-Voronoi tessellation as

VaNlLy:= {Cﬂf: CEVd}.
> The sectional Poisson-Voronoi tessellation is not a Voronoi tessellation, but rather a
Laguerre tessellation (Chiu, Van De Weygaert, Stoyan '96, Gusakova, et. al. '24)

> Indeed, they form the so-called -Voronoi tessellation.
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Choice of Poisson Processes

- Voronoi : For 5 € (—1, 00), let 113 denote a Poisson
point process in RY x [0, oo) with intensity measure Qg
given by h’dhdv.

/'~ Voronoi :For 8 > d/2 + 1, let n; denote a Poisson
point process in R? x (—o0, 0) with intensity measure
Qj; given by (—h) “dhdv.

Gaussian- Voronoi :Let 77 be a Poisson point process in
RY x R with intensity measure Q given by e"dhdv.




Different Behaviour

Left: 3-Voronoi tessellation in R? with 3 = 5. Middle: 3’-Voronoi tessellation in R? with 8 = 2.5. Right:
Gaussian-Voronoi tessellation in R2. The corresponding centers of growth are marked in blue.



Statistic of interest
A point x € 7 is called an extreme point if it forms a non-empty cell in £(n), that is, when
int C(x,n) # @.

For W, :=[-n,n]9 neN,andn ¢ {ng:ms, 1}, let Fn(n) denote the number of extreme
points with their nucleus lying in the window W, given by

Fa(n):= > 1(v € Wo)L((v,h) is extreme in L(n)).
(v,hen
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A point x € 7 is called an extreme point if it forms a non-empty cell in £(n), that is, when
int C(x,n) # @.

For W, :=[-n,n]9 neN,andn ¢ {ng:ms, 1}, let Fn(n) denote the number of extreme
points with their nucleus lying in the window W, given by

Fa(n):= > 1(v € Wo)L((v,h) is extreme in L(n)).
(v,hen

Note here that the associated cells themselves might possibly lie outside of the window
W, partly or even wholly.
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Earlier Literature

> When 7 is one of the processes 7 or 77, a central limit theorem for F(n) was shown in
Gusakova, et. al. '23.

> No known CLT for %a no known quantitative result.

> Qur goal is to obtain quantitative CLTs in both the Wasserstein and the Kolmogorov
metrics.

Variance lower (Gusakova et. al. 23, B., Gusakova '25+)
We have

Var(Fa(ng)) = Ci %, Var(Fa(n3)) > C2n®,  Var(Fy(7))) > Csn®

for constants Cy, C», C3 € (0, o0) depending only on d and /.
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Main Result: Quantitative CLT for Extreme Points

Quantitative CLT for Extreme Points (B., Gusakova '25+)

Let n be either (a) ng with 5 > —1, or (b) 7723 with 8 > 5d + 1, or (c) 1. Then there exists
0 < Cy < Cs < oo such that

Cyn® < Var(F,(n)) < Con?.
Moreover, for N ~ N(0, 1), there exists a constant C € (0, co) depending only on d, 3

such that for all n € N,
<5Mﬂ—EHM)N)< c

VVarFy(n) ~/ ~ ndl?

for d € {dw, dK}.



Representation as a Sum of Scores

Let N be the family of o-finite counting measures M on X = R? x R. We can represent

Fn(n) = Zgn(xa ),

Xen

where the score function £, : X x N — R is given by

&n((v, h), M) :=1(v € W,)1((v, h) is an extreme point in M), (v,h) e M eN.



Representation as a Sum of Scores

Let N be the family of o-finite counting measures M on X = R? x R. We can represent

Fn(n) = Zgn(xa ),

Xen

where the score function £, : X x N — R is given by

&n((v, h), M) :=1(v € W,)1((v, h) is an extreme point in M), (v,h) e M eN.

The widely applicable approach via exponentially decaying radius of stabilization due to
Lachieze-rey, Schulte and Yukich *19 doesn’t seem to apply here.



Not Exponentially Stabilizing in the sense of LSY '19

T is the coverage time.



Not Exponentially Stabilizing in the sense of LSY '19

T(v2, he)

T is the coverage time. Any point added in the blue unbounded downward paraboloid may affect the
extremal property of the point (v2, hz)
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Region stabilization - Assumptions
For (X, F) Borel and 1 a Poisson process with intensity Q where Q is o-finite, consider a
sum of the form H, = >_, . {n(x, 7). Assume
(A1) Stabilization region: For all n > 1, there exists a set-valued map R, : X x N — F
such that for x € M,
&n(x, M) = & (x, M N Rp(x, M));
+ some natural conditions on &, and R, + measurability.

Let r, : X x X — [0, oo] be a non-zero function such that

P{y € Ra(x,n+6)} < e ") x yeX

(A2) There exists p > 0 such that, for M € N with M(X) <7,

En(X, 1+ Oy + M)H4+p < Mop(x), =1, xeX,



Quantitative CLT via region stabilization (B. and Molchanov '22)
Assuming (A1), (A2) and writing Qf := | f(x) Q(dx),

Var(H,) < CQ ((nn +gn)*? Gn) ,

H, — EH,
dw [0 N) < C
W(\/Vaan’ )‘

and a similar bound holds for the Kolmogorov distance.

2
Q5 Q((kn+ 9n)?%Gn) |
Var Hp (Var H,)3/2




Quantitative CLT via region stabilization (B. and Molchanov '22)
Assuming (A1), (A2) and writing Qf := | f(x) Q(dx),

Var(H,) < CQ ((mn +gn)*? Gn) ,

H, — EH,
dw [0 N) < C
W<\/Vaan’ )‘

and a similar bound holds for the Kolmogorov distance. Here

rin(X) = P{&n(x, 7 + dx) # 0}

and C, 3 are explicit constants depending on p. The functions f3, g, and G, are certain
integrals involving

P{y € Ro(x.n +5} and P{{yr.ye} C Anlx.n+ ) }.

2
Q5 Q((kn+ 90)2*Gn)
Var Hp (Var H,)3/2
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Region of Stabilization

Region of stabilization for the scores &, :

Rn((v,h),n + 6(v,h))
B D((v,h), T((v,h))), if T>hveW,
] o, otherwise,

Probability of a /large region of stabilization :

P((v', i) € Ra((v, h), 1+ d(v,m)))
=1{ve Wy} P(T > h,(V,H) e D).

(vi, M) (v, h)

D((v, h), T(v, h))

(v2, h2)



The condition (V/, ') € D implies T must be large :

(V,H)YeD < VT—h+VT-H>|v—V|
— T>|v-V|?/4+ (hAH).

D((v, h), T(v, h))



The condition (V/, ') € D implies T must be large :

(V,H)YeD < VT—h+VT-H>|v—V|
— T>|v-V|?/4+ (hAH).

Tail bounds for T (B., Gusakova '25+)
Let x = (v,h) € R? x R and H € R. Then 3C € (0, co) such that

P(T(x,nsU{x}) > H) < Cexp(—c(HVh)/2H+1) VvH h>o0,
P(T(x,n3 U{x}) > H) < Cexp(—c(—(HV h))~(5=9/2=1))  vH h<O0,

P(T(x,7U{x})>H) < C((1-h)V1)¥2exp(—celVM/2)  VH heR.



Further Directions
> Immediately applicable for functionals of the form
Fl(n,w) := Z 1(v € Wp)1L((v, h) is extreme in L(n)) w((v, h),n),
(v,h)en

where w is a weight depending on (v, h) and its cell. Still require some moment upper
bounds and variance lower bounds.
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> Immediately applicable for functionals of the form

Fl(n,w) := Z 1(v € Wp)1L((v, h) is extreme in L(n)) w((v, h),n),
(v,hen

where w is a weight depending on (v, h) and its cell. Still require some moment upper
bounds and variance lower bounds.

> Examples include
(i) # k-dimensional faces with centres in W, :

1
w((v,hm) = Y 1(2(F) € W),
d+1—k
FeFi(C((v:h)m))
where Fi(P) is the set of all k-dimensional faces of P and z(P) is the center of P,

(ii) the total volume of all cells of £(n) whose nuclei v fall within W,,.
17



Further Directions

> In 3’-model, our limitation 5 > 5d + 1 is very likely suboptimal. We believe our
methods can be pushed a but further to likely achieve the result for 8 > 3d + 1.

> Unlikely that we can push further closer to the extreme case d/2 + 1. No CLT is
currently known for 8 € (d/2 +1,5d + 1].
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> In 3’-model, our limitation 5 > 5d + 1 is very likely suboptimal. We believe our
methods can be pushed a but further to likely achieve the result for 8 > 3d + 1.

> Unlikely that we can push further closer to the extreme case d/2 + 1. No CLT is
currently known for 8 € (d/2 +1,5d + 1].

Thank you for your attention!



